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EXTREMELY WEAKLY UNCONDITIONALLY
CONVERGENT SERIES

BY
JOHN ELTON"

ABSTRACT

It is proved that if 27_, x; is a non-convergent series in a Banach space X such
that =7, |f(x,)| < for all extreme points f of the unit ball of X*, then X
contains a subspace isomorphic to ¢, improving a resuit of Bessaga and
Pelczynski. The proof uses Fonf’s result that Lindenstrauss-Phelps spaces
contain isomorphs of c¢,.

We give a simple proof of

THEOREM 1. Let (x;) be a normalized basis for a Banach space X, and
suppose Z7_,|f(x:)| < for all f € ext B*, the set of extreme points of the unit ball
B* of X*. Then every subspace of X has a subspace isomorphic to c,.

As a consequence, we obtain the following improvement of a result of Bessaga
and Pelczynski [1]:

COROLLARY. A Banach space X has a subspace isomorphic to ¢, if and only if
there is a sequence (x;) in X so that =7_,|f(x;)| <« for every f € ext B* but =7, x;
fails to converge. :

This also generalizes the result of V. Fonf [3] that Lindenstrauss-Phelps
spaces (infinite-dimensional real Banach spaces whose dual balls have countably
many extreme points) contain isomorphs of ¢, hereditarily. The proof of
Theorem 1 uses the following strengthening of a result of Kadets and Fonf [4]:

THEOREM 2. Suppose that X is an infinite-dimensional real Banach space for
which ext B* can be covered by a countable union of norm-compact sets. Then X
is isomorphic to a Lindenstrauss—Phelps space.
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Kadets and Fonf showed that if X satisfies the hypothesis of Theorem 2, then
X is not reflexive. Our proof of Theorem 2 is obtained by only a slight
modification of the beginning of Fonf’s proof in [3].

ProoF OF THEOREM 2. Let ext B* C U_, k., where each k, is compact in the
norm topology of X*. We may assume k, C B* foreach n. Lete, | 0, ¢, <1. Let
#. be a finite £,/2 net for k.. Define a new norm on X by the formula

lxll =sup U {1+ an)lfeo)l:f € i

Let V* be the unit ball of (X*, ||-[|). It is easy to see that [[x||= [|x[| =
(14 &)||x]|, so the new norm is equivalent to the old, and V* D B*. We shall
show that V* D B* where V*={f€X*:||fll <1}. If not, there exists
fo€ X* with || foll =foll = 1. Let Fo € X** such that Fo(fo) =1, || Foll =1, so
| Foll = 1 also. It was shown in [4] that X * is separable. Thus there is f €ext B*
such that Fy(f) =1 by a theorem of Bessaga and Pelczynski [2]. Now f € k,, for
some n, so ||f—gll<e,/2 for some g€ %, Thus Feg)>1-¢./2, so
Fo((1+e.)g)>(1+€.)(1~¢€./2)>1, a contradiction to ||F,f| =1 since
(1+ &.)g € V*. Thus the inclusion holds. From Milman’s theorem, ext V* C w*-
closure U,_{#(l+e&)f:f€ %} but any w*-limit point of the set
Ui {2 +&)f:fE %} liesin B* C V*, so could not be an extreme point of
V*. Thus ext V*C UL {£ (1 +&.)f : f € %.} which proves the theorem.

LEMMA. Let X satisfy the hypothesis of Theorem 1. Then (x;) is a shrinking
basis for X.

Proor. It is sufficient to show that if (&) is a normalized block basis on (x;),
then u,—0 weakly. But Z7.,|f(x))|<~ for fE€extB* > f(u)—0 for
f Eext B*, since each u; has coefficients in its expansion according to the basis
(x;) which are bounded. Thus the conclusion follows from Rainwater’s theorem

(71

ProOF OF THEOREM 1. Without loss of generality we may assume X is a real
space. Let (f;) be biorthogonal to (x;). Define T:1,— X* by T(Z-, ae;) =
Zi-1a;f,, where (&) is the unit vector basis of [,. If T l [e:]7-~ is an isomorphism
for some N, then it is easily seen that (x;);-n (and hence (x;)i-,) is equivalent to
the unit vector basis of ¢,. So suppose this fails for every N. Then by a standard
argument we may construct a normalized block basis (i;) of (e;) such that
[ Tw; | <27, so that T | [u; ]~ is a compact operator (this argument is due to Kato
[5]). Write
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mo m.

u = Zl Aei, EH [AM[=1, m<m<---.

i=m;+1 i=m;+1

Let

m, m

+1

hy = Tu; = 2 Aifi i = 2 (sgn A%, Y =[y]j-
i

t=m,-+l i=m;+

Then (h;) is biorthogonal to (y;) and so by the lemma, (h;) is a basis for Y* where
h=h|Y. Let k,={g€B*:3,|g(x)|=n}, n=1,2,---. Thus extB*C
Us-1 k.. If g€k, Z1|g(y)| S 21| g(x:)| = n (even though |y; || >2%). So if
gEk, and g =g | Y =327, Bk, then 7,| B = S |g ()| = n. Let

C. = {i: Bih; : ,2, 16| = n} = nT(Ball{y; )| Y.

This is norm-compact in Y*. Now

ext(Ball Y*)C {g I Y:g€extB*}C U {g | Y:gek}C U C.
n=1 n=1

Thus Y is isomorphic to a Lindenstrauss—Phelps space by Theorem 2, so Y
contains an isomorph of ¢, by Fonf’s result [3]. By a standard argument, any
subspace of X contains a normalized basic sequence whose closed linear span
satisfies the hypothesis of Theorem 1, so X actually contains isomorphs of ¢,
hereditarily.

This completes the proof of Theorem 1.

The corollary follows from Theorem 1 by a standard argument.

RemARKs. (1) R. Haydon and E. Odell proved the conclusion of Theorem 1
holds under the stronger hypothesis 27_, | f(x;)| < = for all f € w*-closure ext B*.
However, there exist simple examples for which Zi_,|g(x)| <« for all
g € ext B* but not for all g € w*-closure ext B*.

(2) We do not know of any example of a Banach space satisfying the
hypothesis of Theorem 1 which is not isomorphic to a Lindenstrauss—Phelps
space. In fact, we do not know of any space having separable dual which contains
isomorphs of ¢, Hereditarily which is not isomorphic to a Lindenstrauss-Phelps
space.

We would like to thank P. Wojtaszczyk for pointing out the work of Fonf and
of Kadets and Fonf.
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